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Abstract
Quincke rotation, a well-observed phenomenon in particle suspensions, denotes the spontaneous rotation
of dielectric particles immersed in a slightly dielectric liquid when subjected to a high enough DC electric
field. Quincke rotation occurs when the charge relaxation time of the particles is greater than that of the
fluid medium, causing the particles to become polarized in a direction opposite to that of the electric field
and therefore giving rise to an unstable equilibrium position. When slightly perturbed, the particles start
to rotate, and if the applied electric field exceeds a critical value this perturbation does not decay and the
particle rotation reaches a steady state with a constant angular velocity obtained by balancing the viscous
torque with the electric torque due to the induced dipole. The dynamics of a particle undergoing Quincke
rotation have been previously shown to obey the classic Lorenz oscillator equations with two bifurcations.
When the applied electric field exceeds the critical electric field for spontaneous rotation, the angular velocity
undergoes a supercritical pitchfork bifurcation, by which the zero angular velocity state becomes unstable
and a stable state is reached where the angular velocity depends on the ratio of the applied electric field
to the critical field. Upon increasing the electric field further, the angular velocity undergoes a subcritical
Hopf bifurcation and becomes erratic indicating Lorenz chaos.
A useful application of Quincke rotation lies in its ability to modify the effective rheological properties
of suspensions under flow. When a suspension undergoing Quincke rotation is subjected to a steady shear
flow, its apparent viscosity has been shown to decrease as a result of the enhanced rotation rate of the
particles with respect to the flow vorticity, which has the effect of increasing the flow rate and therefore
decreasing the suspension viscosity. An apparent increase in the effective conductivity of the suspension
has also been reported. Most previous studies of these two effects have focused on the dynamics of a single
isolated spherical particle and therefore are unable to capture interactions between particles in semi-dilute
or concentrated suspensions. In particular, experiments in suspensions typically exhibit weaker angular
velocities than predicted by the theory for an isolated sphere. Also, the critical field above which rotation
takes place has been found to be slightly higher than that predicted by the single sphere theory.
In this work, we use a combination of numerical simulations and asymptotic theory to study the effect
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of electrohydrodynamic interactions between particles on Quincke rotation. We study the prototypical case
of two equally sized spheres carrying no net charge and interacting with each other both electrically and
hydrodynamically. We use the classic method of reflections to capture far-field interactions, and solve a
coupled system of time-dependent ordinary differential equations for the dipole moments, angular velocities,
and positions of the two spheres capturing interactions up to order O(R−3) (where R is the separation
distance between the two sphere centres).
We first perform numerical simulations of this coupled system. In the case when the spheres are held in
place, we find that Quincke rotation occurs in the presence of interactions and the magnitude of the angular
velocity is weaker than in the isolated case. When the particles are free to move, dipolar forces between
particles and the rotlet flow driven by the rotation of the spheres also results in translational motions. In
particular, dipolar interactions result in attraction in the direction of the applied field, but in repulsion in
transverse direction. In both cases, we find that the critical field above which rotation takes place is more
than that predicted by the single sphere theory, which is consistent with experimental observations. In the
case of freely suspended spheres, we also model the dynamics of the spheres upon contact by assuming that
no slip occurs between the two touching surfaces. We find that the two spheres come into contact, and
subsequently remain in contact. This suggests that clustering likely happens in rheological experiments, and
multiparticle simulations may be required to investigate the structures developing in these suspensions. We
also perform a stability analysis on the base state of no-rotation for a pair of spherical particles. This helps
us in determining the critical electric field for a given configuration of the two spherical particles.
Finally, the steady-state velocity that the two spheres reach in the case is also obtained using the method
of reflections as an asymptotic expansion, where we find that the leading-order correction to the steady
angular velocity due to interactions is of order O(R−3).
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Chapter 1
Introduction
1.1 Introduction
The ability to manipulate suspended particles remotely without direct contact has significant potential
for applications in TAS (micro total-analysis systems) technology. Electro-rotation is a widely used method
for determining the dielectric properties of cells when exposed to an electric field. Usually an AC electric field
is used for this purpose but under certain conditions DC electric field may be used to rotate particles, liquid
drops or cells suspended in a fluid medium. Therefore, in general electro-rotation can be approximately
classified into two categories namely, the rotation of small particles when placed in a rotating electric field
and the rotation of particles in a static electric field. The former was reported by Arno [7] as early as 1892,
and significantly confirmed by Born and Lertes [8] (1920). The latter was discovered shortly after Arnos
work by Weiler [9] in 1893, and this effect has come to be known as Quinke rotation [10]. Lampa [11],
Sumoto [12, 13], Richardson [14] and Vedy [15, 16] have done some relevant work in the past including both
experiments and theoretical work.
The motivation for this study comes from the fact that the sustained spontaneous rotation of particles in a
suspension reduces the viscosity of the suspension. In some cases, it may even be possible to obtain a negative
apparent viscosity. Basically, we are looking at a way to convert electrical energy into mechanical energy
that may find applications in micromotors or microfluidic devices. Also, an apparent increase in conductivity
of the suspension may have useful applications, though we are not investigating it in the present study.
1.1.1 Electrorheological Fluids: Positive ER Effect
Electro-rheological fluids are colloidal suspensions that can form fibrous structures when an electric field
is applied to them [1]. The viscosity of the suspension increases very rapidly on application of the electric
field. Particles aligned along the field attract one another, whereas particles in a plane perpendicular to the
field repel one another. Higher multi-polar interactions become important if the distance between the two
particles in the simple model becomes of the order of their radii [2]. Positive ER effect is the phenomenon
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Figure 1.1: (A) Isotropic suspension in the absence of
an electric field (B) Fibrillated structures in an electric
field. Reproduced from ref. [1].
Figure 1.2: Particle polarization
model. Reproduced from ref.
[2].
when the apparent viscosity of the suspension increases due to the formation of these kind of chains. It is
important to observe that the direction of polarization of these particles is in the direction of the applied
electric field as shown in figure 1.2.
1.1.2 Electrorheological Fluids: Negative ER Effect
A particle suspended in a fluid medium can have two different configurations when subjected to an electric
field 1.3 and 1.4. In the stable configuration, the charges on the particle-fluid interface are dominated mostly
by charges coming in from inside the particle. This induces a dipole in the particle in the same direction as
that of the applied electric field. In the unstable configuration, the charges on the interface are dominated
by those coming in from the fluid. This induces a dipole moment in the particle in a direction opposite to
that of the electric field.
Hence, the configuration a particle adopts is dependent on the charge relaxation time of the particle
and the fluid medium. Under certain conditions these dielectric particles in a colloidal suspensions begin to
spontaneously spin on the application of a high enough DC electric field. These conditions can be quantified
as follows.
2
Figure 1.3: Stable Configuration : Quincke rotation is
not possible. Adapted from ref. [19].
Figure 1.4: Unstable Configuration : Quincke rotation
possible. Adapted from ref. [19].
Let us consider a suspension of dielectric insulating particles having permittivity 2 and conductivity σ2
suspended in a slightly conducting dielectric liquid having permittivity 1 and conductivity σ1. The required
conditions for Quincke rotation to take place are as shown below:
1. The charge relaxation time τ2 of the particles should be greater than that of the liquid τ1 i.e. τ2 > τ1
where τ2 = 2/σ2 and τ1 = 1/σ1. This condition makes the particles become polarized in the direction
opposite to that of the applied electric field as shown in figure 1.4. If τ2 > τ1 then the particles get
polarized in the direction of the applied electric field as shown in figure 1.3 and Quincke rotation is
not possible.
2. The second criterion is that the external applied field E0 must exceed a certain minimum value Ec
which is called as the critical electric field i.e.E0 > Ec where Ec =
√
2η
(21 − σ21)1τMW , 21 =
2 − 1
2 + 21
called as the first order Clasius-Mossotti factor and σ21 =
σ2 − σ1
σ2 + 2σ1
As the electric field exceeds the critical value, the viscous forces are no longer able to dampen the small
perturbations and the particles begin to rotate. The particles then continue to rotate at some constant
angular velocity Ωo when the electric torque is balanced by the viscous torque. This can be understood by
looking at figure 1.5. It is clear from this curve that when the electric field is higher than the critical field
the particles begin to rotate and reach a steady state where the electric and viscous torque balance out each
other. On the other hand if E0 < Ec, then the viscous torque is always larger than the electric torque and
any small perturbation eventually dies out. We will first derive Ωo for the isolated single sphere case and
then attempt to find the same for a pair of spheres interacting electro-hydrodynamically with each other.
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Figure 1.5: Torque vs speed curve for a single particle.
Figure 1.6: Electric field lines in stable and unstable configuration. Reproduced from ref [3].
1.1.3 Review of T.B Jones work on a single isolated sphere
T.B.Jones is probably the first person to have provided an accurate explanation of Quincke rotation in
recent times [3]. He correctly predicted the critical electric field required for the onset of Quincke rotation.
He uses a rotating coordinate system that is at rest with respect to the sphere. The sphere is rotating at an
angular velocity of Ω0. From this reference frame, the field is a circularly polarised vector. P is the induced
dipole moment of the sphere and E0 is the applied electric field.
4
Figure 1.7: Rotating electric field and lagging dipole moment vectors. Reproduced from ref [3].
E0 = Re
[
E0 (xˆ− jyˆ) ejwt
]
(1.1)
P = Re
[
4pi1R
3 2 − 1
2 + 21
E0 (xˆ− jyˆ) ejwt
]
(1.2)
where j =
√−1 (1.3)
and 1 = 1 − j σ1
ω1
2 = 2 − j σ2
ω2
(1.4)
Note that the coefficient 1 in 4pi1 is not complex.
sin(α) = −
Im
(
2 − 1
2 + 21
)
(
2 − 1
2 + 21
) (1.5)
T e = |P |E0 sin(α) (1.6)
T e =
6pi1R
3E20
(
1− τ1
τ2
)
Ω0τMW(
1 +
21
2
)(
1 +
σ2
21
)
(1 + Ω20τ
2)
(1.7)
where we have changed back to the fixed reference frame using the following relation Ω0 = −ω
T v = −8piηR3Ω0 (1.8)
Hence, the angular velocity of the particle obtained by balancing torque on it using equations (1.7)
and(1.8) is given by,
5
Figure 1.8: Variation of the apparent viscosity of a suspension of PMMA particles dispersed into a dielectric
liquid with the shear rate, for different electric fields. Reproduced from ref. [4].
|Ω0| =
√
E20
E2c
− 1 (1.9)
where Ec =
√
2η
(21 − σ21)1τMW (1.10)
and 21 =
2 − 1
2 + 21
σ21 =
σ2 − σ1
σ2 + 2σ1
(1.11)
1.1.4 Review of work done by Lemaire et al.
Lemaire et al. have performed extensive work on Quincke rotation in the recent past, including many
experiments. The experimental results give an insight into the rheology of suspensions undergoing Quincke
rotation. We will review briefly some of their work in this section.
Lemaire et al. [4] observed a viscosity reduction in a suspension made of 22% by volume of PMMA
particles dispersed in a mixture of transformer oil and another dielectric liquid. The particles are neutrally
buoyant in the fluid medium. A constant shear is applied to the upper plate so that all the particles rotate
in the same direction. They found that the viscosity reduction predicted by the single sphere theory is more
than that observed, see figure 1.8. In other words, the observed angular velocity of particles is less than that
predicted by the theory. This mismatch is more significant for low shear rate.
In another article [5], they analysed the effect of particle size in Quincke rotation. They found that both
electromigration and diffusion result in a decrease of the angular velocity of the cylinder and an increase of
the threshold field. It is evident from figure 1.9 that the angular velocity of a cylindrical rotor is dependent
on its size. The solid lines below are predictions of their model. The model incorporates two additional
6
Figure 1.9: Squared normalized spin rate (ΩτMW )
2vs (E0/Ec)
2. Reproduced from ref. [5].
characteristic times: the diffusion time and the ion electro-migration time.
In a different article [17], they have studied the influence of Quincke rotation on the conductivity of a
suspension. They found that the particle rotation was responsible for an increase of the order of 15% in
the suspension conductivity. This conductivity enhancement is attributed to the increase of electric charge
transport by convection when the particles rotate.
The dynamics of a Quincke rotor can be described qualitatively by the Lorenz equations if the inertia of
the rotor is taken into account. We briefly give the necessary equations here to corroborate the same. The
dipole moment of the cylinder (having length L and radius R) undergoing Quincke rotation is split into two
parts. χ∞E is the high frequency polarization of the cylinder that comes from the permittivity mismatch
between the cylinder(2) and the liquid(1) and P r is the retarding part of the polarization that comes from
the free charge accumulation on the liquid-solid boundary. P obeys a relaxation equation (1.14) that can
be derived from the conservation of charge equation at the surface of the cylinder.
P total = χ∞E0 + P r (1.12)
χ∞E0 = 2pi1R2LE0
(
2 − 1
2 + 1
)
(1.13)
dP r
dt
= (Ω0 × P r)− 1
τMW
(P r − (χ0 − χ∞)E0) (1.14)
τMW =
1 + 2
γ1 + γ2
is the Maxwell Wagner relaxation time constant (1.15)
Conservation of angular momentum gives us the following equation,
I
dΩ0
dt
= −αΩ0 + P r ×E0 (1.16)
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where I is the inertial moment of the cylinder and α = 4piηR2L is the coefficient of viscous friction. This
expression of viscous torque is only valid if τMW  a
2
ν
. These equations on the x,y and z axis and non-
dimensionalized as follows,
dPy
dt
= −Ω0Pz − 1
τMW
Py (1.17)
dPz
dt
= Ω0Py − 1
τMW
(Pz − (χ0 − χ∞)E0) (1.18)
I
dΩ0
dt
= −αΩ0 + PyE0 (1.19)
t∗ =
1
τMW
, X = Ω0τMW , Y =
τMW
α
PyE0+, Z =
τMW
α
(Pz − (χ0 − χ∞)E0) (1.20)
dX
dt∗
= Pr (Y −X) (1.21)
dY
dt∗
= −XZ + rX − Y (1.22)
dZ
dt∗
= XY − bZ (1.23)
Pr =
ατMW
I
, r =
(
E0
Ec
)2
, E2c = −
α
τMW (χ0 − χ∞) and b = 1 (1.24)
Hence, it is quite evident that equations (1.21) - (1.23) are identical to Lorenz equations. More details
can be found in [18] and [19].
Lemaire et al. [6] have also studied the flow characteristics of a suspension of insulating particles un-
dergoing Quincke rotation in a rectangular channel. They observed that the viscosity of the suspension is
drastically reduced. In other words, the flow rate increases when the suspension is subjected to an electric
field along the velocity gradient direction. An increase in conductivity of the suspension is also observed.
The plots shown below illustrate the same.
Figure 1.10 shows that there is an apparent increase in the conductivity of the suspension when the
particles start to rotate. Figures 1.11 and 1.12 clearly show that there is a mismatch between theoretical
predictions for the flow rate and that actually observed in the experiments. The mismatch is higher for low
pressure gradients and is magnified for both low and high pressure gradients when the concentration of the
suspension is increased. The authors attribute this mismatch to the dipolar interactions which is responsible
for particle chaining in suspensions and modification of the spin rate and direction of individual particles
due to hydrodynamic interactions. We prove in our study that this is indeed the case.
In yet another experiment [20], Lemaire et al. took pictures of the suspension in Couette geometry before
and after applying the electric field, see figure 1.13. They observed that the suspension decomposes into two
phases, one with only liquid and another with a high density of particles. The physics behind this effect
is unexplained and systematic theoretical work needs to be conducted to understand it. In our study, the
8
Figure 1.10: Increase in apparent viscosity of suspension at the onset of Quincke rotation. Reproduced from
ref. [6].
Figure 1.11: Flow rate vs pressure gradient in a rectangular channel in a 5% concentrated suspension.
Reproduced from ref. [6].
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Figure 1.12: Flow rate vs pressure gradient in a rectangular channel in a 10% concentrated suspension.
Reproduced from ref. [6].
Figure 1.13: Pictures of decomposition in the Couette geometry. a)t=0min b)t=5min c) t=10min. Repro-
duced from ref. [17].
particles stay in contact after coming in contact suggesting formation of chains. The suspension shown in
this picture consists of 10% PMMA subjected to 2 kV/mm and constant shear rate of 600 s−1.
10
Figure 1.14: Single Sphere dynamics : x0 is the normal position vector and Ω0 is the angular velocity of the
sphere
1.2 Single Spherical Particle : No Interactions
In this section, we will review the dynamics of single sphere, which has already been studied extensively
by several researchers. Consider a single sphere rotating at a constant angular velocity Ω0. We shall prove
later that the angular velocity has to be perpendicular to the electric field vector as is shown in figure 1.14.
The sphere is neutrally buoyant in a liquid having viscosity η. Also, the sphere does not have any net charge
on it.
A uniform field E0 is applied in the vertical direction and induces multipoles in the sphere. However, we
find expressions for the induced dipole and quadrupole only. Here, we assume that the charges in the liquid
that get attracted to the particle aggregate on the surface of the sphere and that there are no net charges
in the bulk fluid. This kind of interfacial polarization is known as Maxwell-Wagner polarization. Hence, we
do not account for any kind of dipolar charge clouds in this study.
The dielectric sphere of radius a is placed in the given non-uniform externally imposed electric potential.
The electric potential is written in a Taylor series expansion about the origin O.
φe(x) = φe(0) + x.∇φe(0) + 1
2
xx :∇∇φe(0) + ... (1.25)
The sphere creates a disturbance potential (decaying harmonics) in the region |x| ≥ a given by the expression,
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φd(x) =
A
x
+
B · x
x3
+C :
(
xx
x5
− I
3x3
)
+ ... (1.26)
The sphere also creates a disturbance potential (growing harmonics) in the region |x| ≤ a given by the
expression,
φg(x) = P +Q · x+R :
(
xx− Ix
2
3
)
+ ... (1.27)
Therefore, the total potential in the region |x| ≥ a is given by the expression,
φ+(x) = φe(x) + φd(x) (1.28)
And the total potential in the region |x| ≤ a is given by the expression,
φ−(x) = φe(x) + φg(x) (1.29)
The governing equation for the potential in both these regions is Laplace’s Equation given by;
∇2φ(x) = 0 (1.30)
Note that φ+(x) and φ−(x) both satisfy Laplace’s Equation. Now, let us look at the boundary conditions
for the above equation:
1. Electric field far from the particle:
φ+(x) = φe(x) at |x| → ∞ (1.31)
2. Continuity of electric potential at the solid-liquid interface
φ+(x) = φ−(x) at |x| = a (1.32)
This boundary condition proves that P =
A
a
, Q =
B
a3
and R =
C
a5
3. Charge conservation at the surface of the sphere: the jump in electric current on the sphere surface
and the convection of charges on the sphere surface balance the rate of change of surface charge on
the surface. In the steady state there is no accumulation of charges on the surface.
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n · Jf +∇Σ ·Kf = −∂σf
∂t
at |x| = a (1.33)
n · Jf = σ1E+r − σ2E−r
∇Σ ·Kf =
(
I − xx
x2
)
: ∇(σfV )
V = Ωo × ax
x
σf = 1E
+
r − 2E−r
E+r = −
x ·∇φ+
x
E−r = −
x ·∇φ−
x
Substituting these variables in equation (1.33), we get
n · Jf = 1
a
[
σ1
(
A
a
− C · I
a3
)
− 2σ2C · I
3a3
]
+
x
a
·
[
(σ2 − σ1)∇φe(0) + B
a3
(σ2 + 2σ1)
]
+
xx
a
:
[
(σ2 − σ1)∇∇φe(0) + C
a5
(2σ2 + 3σ1)
]
(1.34)
∇Σ ·Kf = (Ω0 × x)
a
·
[
(2 − 1)∇φe(0) + B
a3
(2 + 21)
]
+
(Ω0 × x)
a
· 2x ·
[
(2 − 1)∇∇φe(0) + C
a5
(22 + 31)
]
(1.35)
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n · Jf +∇Σ ·Kf = 1
a
[
σ1
(
A
a
− C · I
a3
)
− 2σ2C · I
3a3
]
+
x
a
·
[
(σ2 − σ1)∇φe(0) + B
a3
(σ2 + 2σ1)
]
+
xx
a
:
[
(σ2 − σ1)∇∇φe(0) + C
a5
(2σ2 + 3σ1)
]
+
(Ω0 × x)
a
·
[
(2 − 1)∇φe(0) + B
a3
(2 + 21)
]
+
(Ω0 × x)
a
· 2x ·
[
(2 − 1)∇∇φe(0) + C
a5
(22 + 31)
]
(1.36)
∂σf
∂t
= − 1
a2
At +
22 + 31
3a4
Ct : I
− (2 + 21)
a4
x ·Bt
− (22 + 31)
a6
xx : Ct + ... (1.37)
Hence, substituting expressions (1.36) and (1.37) in (1.33), we find the following expressions for the
monopole, dipole and quadrupole moments:
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A = A0 exp
−
t
τMW (1.38)
A = A0 = 0 in the steady state (1.39)
∂B
∂t
= Ω0 ×B − B
τMW
− a3
[
21 (∇φe(0)×Ω0) + σ21
τMW
∇φe(0)
]
(1.40)
B0 =
a3τMW
1 + Ω20τ
2
MW
(21 − σ21) [Ωo ×∇φe(0) + Ω0τMW (∇φe(0).Ω0)]
− a3∇φe(0)
[
21 +
σ21 − 21
1 + Ω20τ
2
MW
]
in the steady state (1.41)
∂C
∂t
= 2 Ω0 ×C − C
τ
′
MW
− a5
[
2 
′
21 (∇∇φe(0)×Ω0) +
σ
′
21
τ
′
MW
∇∇φe(0)
]
(1.42)
C0 =
2a3τ
′
MW
1 + 4Ω20τ
′2
MW
[

′
21 − σ
′
21
] [
Ω0 ×∇∇φe(0) + 2Ω0τ ′MW (∇∇φe(0).Ω0)
]
− a5∇∇φe(0)
[

′
21 +
σ
′
21 − 
′
21
1 + 4Ω20τ
′2
MW
]
in the steady state (1.43)
τMW =
2 + 21
σ2 + 2σ1
τ
′
MW =
22 + 31
2σ2 + 3σ1
Hence, we have found the monopole A, dipole B, and quadrupole C induced in the particle in the
transient state. The steady state multipoles, B0 and C0 can be found by equating the right hand side of
equation (1.40) and (1.42) to zero and taking dot and cross product with Omega. We can do time-marching
using Runge-Kutta scheme to find the angular velocity of a single isolated particle as shown below. The red
line corresponds to the angular velocity found by time marching. The analytic expression for the angular
velocity Ωo is derived as follows.
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Figure 1.15: Angular velocity of a single isolated particle
Now, we can apply conservation of angular momentum on the spherical particle and get an expression
for the angular velocity of the sphere in the steady state. Before any further calculation let us introduce the
following notations:
B0 = A1 [Ω0 ×∇φe(0) + Ω0τMW (∇φe(0).Ω0)]−A2∇φe(0) (1.44)
where
A1 =
a3τMW
1 + Ω20τ
2
MW
[
2 − 1
2 + 21
− σ2 − σ1
σ2 + 2σ1
]
A2 = a
3
 2 − 1
2 + 21
+
σ2 − σ1
σ2 + 2σ1
− 2 − 1
2 + 21
1 + Ω20τ
2
MW

τMW =
2 + 21
σ2 + 2σ1
and similarly,
C0 = A3
[
Ω0 ×∇∇φe(0) + 2Ω0τ ′MW (∇∇φe(0).Ω0)
]
−A4∇∇φe(0) (1.45)
where
A3 =
2a3τ
′
MW
1 + 4Ω20τ
′2
MW
[
2 − 1
22 + 31
− σ2 − σ1
2σ2 + 3σ1
]
A4 = a
5
 2 − 1
22 + 31
+
σ2 − σ1
2σ2 + 3σ1
− 2 − 1
22 + 31
1 + 4Ω20τ
2
MW

τ
′
MW =
22 + 31
2σ2 + 3σ1
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The electric torque on multipoles was previously calculated by Jones and Washizu [21]:
T v = −8piηΩ0a3 (1.46)
T 1 = 4pi1B ×−∇φ(0) (1.47)
T 1 = 4pi1A1 [Ω0(∇φe(0) ·∇φe(0))− (Ω) ·∇φe(0)) (∇φe(0) + τMW (Ωo ×∇φe(0)))] (1.48)
T 1 + T v = 0 (1.49)
In equation (1.46), η is the viscosity of the liquid. Since, in our problem we do not have higher gradients of
the electric field, only a dipole is induced in the particle. Hence, we shall equate the dipolar electric torque
with the viscous torque to obtain an expression for |Ω0|:
4pi1A1 [Ω0(∇φe(0).∇φe(0))− (Ω0 ·∇φe(0)) (∇φe(0) + τMW (Ω0 ×∇φe(0)))] −8piηΩ0a3 = 0 (1.50)
Solving equation (1.50) gives us the angular velocity magnitude. Note that the direction of the angular
velocity is arbitrary as the rotation is spontaneous. However, equation (1.51) tells us that the angular
velocity has to be in a plane perpendicular to the electric field:
(Ωo.∇φe(0)) = 0 (1.51)
|Ωo| = ± 1
τMW
√
(∇φe(0))2
E2c
− 1 (1.52)
φe(x) = φe(0) + x.∇φe(0)
∇φe(0) = −E0
(Ωo.E0) = 0 (1.53)
|Ωo| = ± 1
τMW
√
E20
E2c
− 1 (1.54)
In the plot 1.15, the red line corresponds to the transient angular velocity and the green line corresponds
to the steady state angular velocity for a single particle. The applied electric field that is twice the critical
field. The direction of rotation is arbitrary and depends on the initial perturbation.
The angular velocity undergoes a supercritical pitchfork bifurcation at the stable state of zero angular
velocity. This is represented in Figure 1.16 below.
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Figure 1.16: Supercritical pitchfork bifurcation
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Chapter 2
Electro-hydrodynamic interaction
between pair of spheres
2.1 Pair interactions using method of reflections
In the previous section we were able to predict the angular velocity of a single isolated sphere. We
now extend the problem to two spheres that are in the vicinity of each other. We will account for both
hydrodynamic and electrical interactions.
We shall now derive an approximate solution for the electric potential φ in the vicinity of sphere 1 using
the method of reflections. The problem of finding pair interactions between ideally polarizable spheres has
been solved by Saintillan [37]. Our approach here is very similar to the method used in that study. The
external field for sphere 1 will have perturbations from the sphere 2. We are assuming that the two spheres
rotate in the same direction. This is true in case an external shear flow is imposed but may not be true in
the case of spontaneous rotation. The total electric potential is expressed as:
φ ≈ φ(0) + φ(1)1 + φ(1)2 + φ(2)1 + φ(2)2 + ... (2.1)
φ(0) = −x.E0 (2.2)
The superscript refers to the number of iterations in the method and the subscript refers to the sphere
inducing the perturbation when placed in the field. The method is based on the determination of the
disturbance φd(x) induced by a sphere when placed in an external potential φe(x), the gradients of which
are known to a given order.
φe(x) = φ(0)(x) = −x ·E0 (2.3)
φd(x) =
B · x
x3
+
C : xx
x5
+ ... (2.4)
Hence, the two spheres are first placed in this applied external field given by equation (2.1). The disturbance
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Figure 2.1: Two spherical particles separated by distance R rotating in arbitrary directions
potential induced in them by this field is given by
φ11(x) =
B1 · x
x3
(2.5)
φ12(x) =
B2 · (x−R)
|x−R|3 (2.6)
which corresponds to the first corrections to the applied field due to each field independently. They do not
include interactions. But now when we place sphere 1 in the vicinity of the field given by equation (2.9) we
will account for the interactions. φ12(x) can be expanded in a series of growing harmonics in the vicinity of
sphere 1 as :
φ
(1)
2 (x) = φ
(1)
2 (0) + x ·∇φ(1)2 (0) +
1
2
xx :∇∇φ(1)2 (0) +O(R−5) (2.7)
where
φ
(1)
2 (0) = −
B2 · Rˆ
R2
(2.8)
∇φ(1)2 (0) =
B2
R3
− 3B2 · Rˆ
R3
Rˆ (2.9)
∇∇φ(1)2 (0) =
3
R4
[
B2Rˆ+ RˆB2 +B2 · Rˆ
(
I − 5RˆRˆ
)]
(2.10)
Therefore, the net external potential around sphere 1 that includes perturbation from sphere 2 is given
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as follows,
φe2(0) = −x ·E0 +
B2 · (x−R)
|x−R|3 (2.11)
Ee2(0) = E0 −
(
B2
R3
− 3B2 · Rˆ
R3
Rˆ
)
(2.12)
Hence, the transient equation for dipole moment and the electric field for the sphere 1 and sphere 2 using
equation (1.40) is given as following,
dB1
dt
= Ω1 ×B1 − B1
τMW
+ a3
[
21
(
E0 −
(
B2 − 3(B2.Rˆ)Rˆ
R3
)
×Ω1
)]
+ a3
[
σ21
τMW
(
E0 −
(
B2 − 3(B2.Rˆ)Rˆ
R3
))]
(2.13)
dB2
dt
= Ω2 ×B2 − B2
τMW
+ a3
[
21
(
E0 −
(
B1 − 3(B1.Rˆ)Rˆ
R3
)
×Ω2
)]
+ a3
[
σ21
τMW
(
E0 −
(
B1 − 3(B1.Rˆ)Rˆ
R3
))]
(2.14)
2.2 Electric torque on multipoles
Since we have found only a dipole and quadrupole moment on sphere 1, we will attempt to find the
electric torque on them. We use the expression for torque on multipoles formulated by Washizu and Jones
[21].
T (n) =
1
(n− 1)!
[
P (n)[ · ]n−1(∇)n−1
]
×E0 (2.15)
T 1 = p×Ee(0) (2.16)
T 2 = (Q ·∇)×Ee(0) (2.17)
T v = −8piη (Ω− ω) a3 (2.18)
However, it can be shown with some algebra that the leading order term in the torque on quadrupole i.e.
T 2 is of O
(
R−8
)
. Hence, we will only consider electric torque on the dipole in our study. Also, note that
we have accounted for the flow field interactions here. ω is the flow around sphere 1 generated by sphere 2
because of its rotating motion. This kind of flow generated by a rotating sphere is called as rotlet flow [22],
the details of which are given below.
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2.3 Rotlet Flow
The fluid velocity u2 generated by sphere 2 rotating at an angular velocity Ω2 is given as follows,
u2 = Ω2 × (x−R)|x−R|3 a
3 (2.19)
u2(0) = −Ω2 × Rˆ|R|2 a
3 (2.20)
ω2 =
1
2
(∇× u) (2.21)
ω2(0) = − a
3
2R3
[
Ω2 − 3
(
Ω2 · Rˆ
)
Rˆ
]
(2.22)
Similar expressions for the flow field generated by sphere 1 at the position of sphere 2 can be found. If
a shear flow is imposed with a shear rate ξ, then the flow around sphere 1 is given as follows,
ω2(0) =
ξ
2
− a
3
2R3
[
Ω2 − 3
(
Ω2 · Rˆ
)
Rˆ
]
− 5a
3
2R3
[
Rˆ×
(
Rˆ.Se(0))
)]
(2.23)
Se(0) =

0 0 0
0 0 ξ/2
0 ξ/2 0
 (2.24)
Neglecting inertia, the equation for conservation of angular momentum for sphere 1 and sphere 2 re-
spectively is as follows. The first term is the electric torque, the second term is the torque due a potential
contact force, and the last term is the viscous torque.
4pi1B1 ×
[
E0 −
(
B2 − 3(B2.Rˆ)Rˆ
R3
)]
+ aRˆ× F
−8piηa3
[
Ω1 − ξ
2
+
a3
2R3
[
Ω2 − 3
(
Ω2 · Rˆ
)
Rˆ
]
+
5a3
2R3
[
Rˆ×
(
Rˆ.Se(0))
)]]
= 0 (2.25)
4pi1B2 ×
[
E0 −
(
B1 − 3(B1.Rˆ)Rˆ
R3
)]
− aRˆ×−F
−8piηa3
[
Ω2 − ξ
2
+
a3
2R3
[
Ω1 − 3
(
Ω1 · Rˆ
)
Rˆ
]
+
5a3
2R3
[
Rˆ×
(
Rˆ.Se(0))
)]]
= 0 (2.26)
Here, F is the reaction force between the two spheres when they come in contact with each other. When
the spheres are not in contact with each other we can simply substitute F = 0 and solve for the angular
velocities in terms of the dipole moments only and shear rate (if it exists).
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We also need to conserve linear momentum of both the spheres, again neglecting inertia, to find the
relative velocity between them. Finding the relative velocity between the two spheres will allow us to update
the separation distance between the spheres at each time step. Balancing forces on sphere 1 and sphere 2
respectively gives us,
F dep + F drag,1 + F = 0 (2.27)
−F dep + F drag,1 − F = 0 (2.28)
F dep =
−12pi1
R4
B1 ·
[
B2Rˆ+ RˆB2 +B2 · Rˆ
(
I − 5RˆRˆ
)]
(2.29)
F drag,1 = −6piηa (U1 − u2(0)) (2.30)
F drag,2 = −6piηa (U2 − u1(0)) (2.31)
u2(0) = − a
3
R2
Ω2 × Rˆ+ ξRz
2
+
5a3
2R2
(
RˆRˆ : Se(0)
)
Rˆ (2.32)
u1(0) =
a3
R2
Ω1 × Rˆ− ξRz
2
− 5a
3
2R2
(
RˆRˆ : Se(0)
)
Rˆ (2.33)
U∗1 =
F ∗dep + F
∗
3piM
− Ω
∗
2 × Rˆ
R∗2
+
ξ∗R∗z
2
+
5
2R∗2
(
RˆRˆ : S∗e(0)
)
Rˆ (2.34)
U∗2 = −
F ∗dep + F
∗
3piM
+
Ω∗1 × Rˆ
R∗2
− ξ
∗R∗z
2
− 5
2R∗2
(
RˆRˆ : S∗e(0)
)
Rˆ (2.35)
The starred notations are dimensionless notations which are given in equations (2.37)-(2.44). The relative
velocity is given as:
dR∗v
dt
= U∗2 −U∗1
= −2F
∗
dep + F
∗
3piM
+
Ω∗1 × Rˆ
R∗2
+
Ω∗2 × Rˆ
R∗2
− ξ∗R∗z −
5
R∗2
(
RˆRˆ : S∗e(0)
)
Rˆ (2.36)
Note that, the DEP force and reaction force on the sphere 1 is denoted by Fdep and F and that on
sphere 2 is denoted by -Fdep and -F . DEP (dielectrophoresis) is the motion of a particle in a nonuniform
electric field. Hence, DEP force is the force experienced by a particle when placed in this nonuniform electric
field.R∗v is the nondimensional separation vector of the two spheres.
We have non-dimensionalized our equations as follows,
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t∗ =
t
τMW
(2.37)
U∗ =
U
a/τMW
(2.38)
Ω∗ = Ω× τMW (2.39)
R∗ =
R
a
(2.40)
B∗ =
B
a3E
(2.41)
F ∗ =
F
a2E21
(2.42)
T ∗ =
T
a3E21
(2.43)
M(Modified Mason Number) =
2η
τMWE21
(2.44)
Modified Mason number is the ratio of viscous forces to electric forces. The dipole moment and torque
balance equations in non-dimensionless form are given as follows,
dB∗1
dt∗
= Ω∗1 ×B∗1 −B∗1 +
[
21
(
iˆz −
(
B∗2 − 3(B∗2 .Rˆ)Rˆ
R∗3
)
×Ω∗1
)]
+
[
σ21
(
iˆz − B
∗
2 − 3(B∗2 .Rˆ)Rˆ
R∗3
)]
(2.45)
dB∗2
dt∗
= Ω∗2 ×B∗2 −B∗2 +
[
21
(
iˆz −
(
B∗1 − 3(B∗1 .Rˆ)Rˆ
R∗3
)
×Ω∗2
)]
+
[
σ21
(
iˆz − B
∗
1 − 3(B∗1 .Rˆ)Rˆ
R∗3
)]
(2.46)
B∗1 ×
[
iˆz −
(
B∗2 − 3(B∗2 .Rˆ)Rˆ
R∗3
)]
+
Rˆ× F ∗
4pi
−M
[
Ω∗1 +
1
2R∗3
[
Ω∗2 − 3
(
Ω∗2 · Rˆ
)
Rˆ
]
− ξ
∗
2
− 5
2R∗3
[
Rˆ×
(
Rˆ.S∗e(0))
)]]
= 0 (2.47)
B∗2 ×
[
iˆz −
(
B∗1 − 3(B∗1 .Rˆ)Rˆ
R∗3
)]
+
Rˆ× F ∗
4pi
−M
[
Ω∗2 +
1
2R∗3
[
Ω∗1 − 3
(
Ω∗1 · Rˆ
)
Rˆ
]
− ξ
∗
2
− 5
2R∗3
[
Rˆ×
(
Rˆ.S∗e(0))
)]]
= 0 (2.48)
We also assume that on contact the spheres roll at the point of contact and there is no slip. This implies
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that the point of contact on the spheres should have the same velocity. This no slip condition is satisfied by
the following equation,
U∗1 + Ω
∗
1 × Rˆ = U∗2 −Ω∗2 × Rˆ (2.49)
Let us introduce some notations here to simplify the equations.
T e(0) =
ξ∗
2
− 5
2R∗3
[
Rˆ×
(
Rˆ.S∗e(0))
)]
(2.50)
g1 =
1
M
×B∗1 ×
[
iˆz −
(
B∗2 − 3(B∗2 .Rˆ)Rˆ
R∗3
)]
(2.51)
g2 =
1
M
×B∗2 ×
[
iˆz −
(
B∗1 − 3(B∗1 .Rˆ)Rˆ
R∗3
)]
(2.52)
g =
1
M
× Rˆ× F
4pi
(2.53)
Hence, equations (2.47) and (2.48) can be written as:
g1 + g −
[
Ω∗1 +
1
2R∗3
[
Ω∗2 − 3
(
Ω∗2 · Rˆ
)
Rˆ
]
− T e(0)
]
= 0 (2.54)
g2 + g −
[
Ω∗2 +
1
2R∗3
[
Ω∗1 − 3
(
Ω∗1 · Rˆ
)
Rˆ
]
− T e(0)
]
= 0 (2.55)
Though we retain terms only to the order of O(R−3), we solve the dipole moment and torque balance
equations for the angular velocity of the sphere without neglecting any terms.
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G1 = g1 + g + T
e(0) (2.56)
G2 = g2 + g + T
e(0) (2.57)
Ω∗1 =
G1 −
G2 − 3
(
G2 · Rˆ
)
Rˆ
2R∗3
−
3Rˆ
(
G1.Rˆ+G2.Rˆ/R
∗3
)
2 (R∗6 − 1)
1− 1
4R∗6
(2.58)
Ω∗2 =
G2 −
G1 − 3
(
G1 · Rˆ
)
Rˆ
2R∗3
−
3Rˆ
(
G2.Rˆ+G2.Rˆ/R
∗3
)
2 (R∗6 − 1)
1− 1
4R∗6
(2.59)
Now we have expressions for angular velocity of the two spheres in terms of the dipole moments, the
contact force and the shear flow parameters. Coming back to the no-slip boundary condition to calculate
F , we have
Ω∗1 × Rˆ+ Ω∗2 × Rˆ = −2
F ∗dep + F
∗
3piM
+
Ω∗1 × Rˆ
R∗2
+
Ω∗2 × Rˆ
R∗2
− ξ∗R∗z −
5
R∗2
(
RˆRˆ : S∗e(0)
)
Rˆ (2.60)
F ∗ =
3piM
2
[(
Ω∗1 × Rˆ+ Ω∗2 × Rˆ
)( 1
R∗2
− 1
)
+ ξ∗R∗z +
5
R∗2
(
RˆRˆ : S∗e(0)
)
Rˆ
]
− F ∗dep (2.61)
Hence, using equations (2.34-5), (2.45-6), (2.58-9), 2.29 and (2.61), we can solve for the translational
velocity, angular velocity, dipole moment of the two spheres, the DEP and reaction force acting on them.
We perform a time marching for the dipole moments and the separation vector using Runge-Kutte 4th
order method. It is found that the spheres can either co-rotate, counter-rotate or rotate in totally different
directions depending on the initial perturbation. We also find the angular velocity of the spheres keeping
them fixed in the fluid medium. These results will help us in analysing the stability of the pair of spheres.
The numerical results are shown in section 4 after we have derived analytical expressions for the angular
velocity of the spheres.
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Figure 2.2: Two spherical particles separated by distance R and rotating in the same direction
2.4 Analytical expression for the angular velocity of spheres
with interactions
2.4.1 Pair of spheres rotating in the same direction
We assume that the two spheres rotate in the same direction. This is true in case of an imposed shear
flow but may not be true in case of spontaneous rotation.
φ ≈ φ(0) + φ(1)1 + φ(1)2 + φ(2)1 + φ(2)2 + ... (2.62)
φ(0) = −x ·E0 (2.63)
φe(x) = φ(0)(x) = −x ·E0 (2.64)
φd(x) =
B0 · x
x3
+
C : xx
x5
+ ... (2.65)
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Hence, the two spheres are first placed in this applied external field given by equation (2.84). The disturbance
potential induced in them by this field is given by,
φ11(x) =
B0 · x
x3
(2.66)
φ12(x) =
B0 · (x−R)
|x−R|3 (2.67)
where
B0 = A2E0 −A1 [Ω×E0 + Ω0τMW (Ω0.E0)]
which corresponds to the first corrections to the applied field due to each field independently. They do not
include interactions. But now when we place sphere 1 in the vicinity of the field given by equation (32) we
will account for the interactions. φ12(x) can be expanded in a series of growing harmonics in the vicinity of
sphere 1 as :
φ
(1)
2 (x) = φ
(1)
2 (0) + x ·∇φ(1)2 (0) +
1
2
xx :∇∇φ(1)2 (0) +O(R−5) (2.68)
where
φ
(1)
2 (0) = −
B0 · Rˆ
R2
(2.69)
∇φ(1)2 (0) =
B0
R3
− 3B0.Rˆ
R3
Rˆ (2.70)
∇∇φ(1)2 (0) =
3
R4
[
B0Rˆ+ RˆB0 +B0.Rˆ
(
I − 5RˆRˆ
)]
(2.71)
The perturbation induced by sphere 1 when placed in φ
(1)
2 (x) is then obtained by using equations (1.44) and
(1.45) with φe(x) = φ
(1)
2 (x) and is given by:
φ
(2)
1 (x) =
B1 · x
x3
+
C1 : xx
x5
+O(R−5) + .... (2.72)
where
B1 = A1
[
Ω×∇φ(1)2 (0) + ΩτMW (∇φ(1)2 (0) ·Ω)
]
−A2∇φ(1)2 (0) (2.73)
C1 = A3
[
Ω×∇∇φ(1)2 (0) + 2Ωτ
′
MW (∇∇φ(1)2 (0).Ω)
]
−A4∇∇φ(1)2 (0) (2.74)
We now know the external potential surrounding sphere 1 using which we can calculate the dielectrophoretic
force and torque acting on sphere 1. The electric potential around sphere 1 can be decomposed into growing
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φe(x) and decaying φd(x) harmonics. Note that φe(x) includes perturbation from the second sphere.
φe(x) = φe0(0)− x ·Ee −
1
2
xx : Ge − 1
2
xxx : He + ... (2.75)
φd(x) =
1
4pi1
(
x · P
x3
+
1
2
xx : Q
x5
+
1
6
xxx : R
x7
+ ....
)
(2.76)
Here, P denotes the dipole moment induced by the uniform field Ee, Q denotes quadrupole moment induced
by the field gradient Ge and so on.
P = 4pi1
[
B0 +B1 +O
(
(R−6
)]
(2.77)
Q = 2!× 4pi1
[
C1 +O
(
(R−5
)]
(2.78)
φe(0) = −B0.Rˆ
R2
+O
(
R−5
)
(2.79)
Ee(0) = E0 − B0
R3
+ 3
B0.Rˆ
R3
Rˆ+O
(
R−6
)
(2.80)
Ge(0) = − 3
R4
[
B0Rˆ+ RˆB0 +B0.Rˆ
(
I − 5RˆRˆ
)]
+O
(
R−7
)
(2.81)
He(0) = O
(
R−5
)
(2.82)
Note that the external potential around sphere 1 has higher field gradients and they create multipoles
on sphere 1.
T (n) =
1
(n− 1)!
[
P (n)[ · ]n−1(∇)n−1
]
×E0 (2.83)
T 1 = P ×Ee(0) (2.84)
T 2 = (Q ·∇)×Ee(0) (2.85)
T v = −8piη (Ω− ω) a3 (2.86)
As stated earlier, T 2 is of O
(
R−8
)
. Hence, we will only consider electric torque on the dipole.
The fluid velocity u generated by a sphere rotating at an angular velocity Ω is given as follows,
u = Ω× (x−R)|x−R|3 a
3 (2.87)
ω =
1
2
(∇× u) (2.88)
ω = − a
3
2R3
[
Ω− 3
(
Rˆ.Ω
)
Rˆ
]
(2.89)
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Therefore, the torque balance equation that is going to give us the angular velocity of spheres to a desired
order with interactions is given by,
T 1 + T v = 0 (2.90)
p = 4pi1 [A2E
e(0)−A1 [Ω×Ee(0) + τMWΩ(Ω ·Ee(0))]] (2.91)
T 1 = p×Ee(0) (2.92)
T 1 = 4pi1A1
[
Ω|Ee(0)|2 − (Ω ·Ee(0)) (Ee(0) + τMWΩ×Ee(0))
]
(2.93)
4pi1A1
[
Ω|Ee(0)|2 − (Ω ·Ee(0)) (Ee(0) + τMWΩ×Ee(0))
]− 8piη (Ω− ω) a3 = 0 (2.94)
The expression for Ee(0) is given by equation (2.80). Hence, solving equation (2.94) will give us the
angular velocity Ω. Now, we assume that the angular velocity Ω has an asymptotic form. We will retain
terms to the order of O
(
R−3
)
in the torque balance equation.
Ω = Ω0 +
α
R
+
β
R2
+
γ
R3
+ ... (2.95)
(2.96)
We solve equation (2.94) first retaining terms to the order of O (1). This should give us the same result as
the single sphere case. We use binomial expansion to expand A1 and A2 as they have Ω in them.
A1 = A10
[
1− τ
2
MW
1 + Ω2oτ
2
MW
(
2Ω0 ·α
R
+
2Ω0 · β + α2
R2
+ 2
Ω0 · γ +α · β
R3
)
+ ...
]
(2.97)
A1 = A20
[
1− τ
2
MW
1 + Ω2oτ
2
MW
(
2Ω0 ·α
R
+
2Ω0 · β + α2
R2
+ 2
Ω0 · γ +α · β
R3
)
+ ...
]
(2.98)
We only give the results here obtained from solving equation (2.94) four times each time retaining terms
to the order of O(1), O
(
R−1
)
,O
(
R−2
)
and O
(
R−3
)
.
Ω0 ·E0 = 0 |Ω0| = ± 1
τMW
√
E20
E2c
− 1 (2.99)
α ·E0 = 0 α ·Ω0 = 0 (2.100)
2Ω0 · β + α2 = 0 β ·E0 = 0 (2.101)
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Figure 2.3: Spherical coordinate system : The vector R is in x -z plane without any loss of generality
Hence, it is clear that |Ω| does not involve O(R−1) or O(R−2) terms.
|Ω|2 = |Ω0|2 + 2Ω0 · γ +α · β
R3
+ ... (2.102)
γ ·E0 = −3
(
Ω0 · Rˆ
)[(
A20 − a
3
2
)
E0 · Rˆ−A10(Ω0 ×E0).Rˆ
]
(2.103)
Ω0 · γ +α.β = −1 + Ω
2
oτ
2
MW
2τ2MWE
2
0
[
E20
(
2A20 +
a3
2
− 3a
3(Ω0 · Rˆ)2
2Ω2o
)
− 6(E0 · Rˆ)
(
A20 −A10(Ω0 ×E0) · Rˆ
)]
(2.104)
Therefore we have an expression for the angular velocity of the spheres retained to the order O(R−3). A
spherical coordinate system suitable for expressing the angular velocity in terms of θ, φ and R is given in
the following diagram.
In this coordinate system,
E0 = (0, 0, E0) (2.105)
Rˆ = (cos θ, 0, sin θ) (2.106)
Ω0 = Ωo (cosφ, sinφ, 0) (2.107)
We use the values of 1 = 3.27 × 10−11C2/Nm2, 2 = 2.30 × 10−11C2/Nm2,σ1 = 4 × 10−8S/m and
σ2 = 1× 10−14S/m from the experiment carried out by Huang et al. [29]. Substituting for these values and
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using the spherical coordinate system, we get:
Ω∗2 = Ω∗2o −
E∗20
R∗3
[
0.5− 2
(
0.11 +
0.39
E∗20
)
+ 6 sin θ
(
sin θ
(
0.11 +
0.39
E∗20
)
+
0.39 cos θ sinφΩ∗o
E∗20
)
−1.5 cos2 θ cos2 φ] , (2.108)
where Ω, E0 and R have been non-dimensionalized in the following way,
Ω∗o = ΩoτMW , (2.109)
Ω∗ = ΩτMW , (2.110)
E∗0 =
E0
Ec
, (2.111)
R∗ =
R
a
. (2.112)
We can also do an ensemble average of the square of the angular velocity to find the dependence of the
angular velocity only on the distance between the two particles.
Ω∗2avg =
∫ 2pi
0
∫ pi
0
Ω∗2 sin θ dθ dφ
4pi
(2.113)
Ω∗avg =
√
Ω2o −
E∗20
R∗3
[
1
2
− 2
(
21 +
σ21 − 21
E∗20
)]
(2.114)
Ω∗avg =
√
E∗20 − 1−
E∗20
R∗3
[
1
2
+ 2
(
0.11 +
0.39
E∗20
)]
(2.115)
It is evident that the average angular velocity of particles with interactions is lower than that without
interactions when they rotate in the same direction. The angular velocity reaches a constant value as R∗
increases which is same as the single sphere case.
At first glance, it may occur that the average viscosity with interactions is less than that predicted by
the single sphere theory even though the rotation is spontaneous. However, it is very important to note here
that in the case of spontaneous rotation the average viscosity of all the suspension is zero. This is because
different particles rotate in different directions. However, if an external perturbation is applied to all the
particles ( e.g. in an imposed shear flow ) then all the particles rotate in the same direction. This leads to
a decrease in the viscosity of the suspension.
It is also interesting to see if the critical field needed for Quincke rotation to take place remains the same
when interactions are accounted for. The terms inside the square root in equation (2.136) should be greater
32
Figure 2.4: Two spherical particles separated by distance R and rotating in the opposite direction
than zero.
E∗20 − 1−
E∗20
R∗3
[
1
2
− 2
(
21 +
σ21 − 21
E∗20
)]
> 0 (2.116)
E∗0 >
√√√√√√√
1− 2
(
σ21 − 21
R∗3
)
1−
(
0.5− 221
R∗3
) = Ec
√√√√√√1 +
0.78
R∗3
1− 0.72
R∗3
(2.117)
f(R) =
√√√√√√1 +
0.78
R∗3
1− 0.72
R∗3
(2.118)
Therefore, we can conclude that the critical field increases when interactions between particles is taken
into account. The closer the particles are, greater is the critical field needed for Quincke rotation to take
place.
2.4.2 Pair of spheres rotating in the opposite direction
We now assume that the particles are rotating in the opposite direction and perform calculations similar
to those done in the previous section. We just show the results here without going through the details.
Ω0.γ +α.β = −1 + Ω
2
oτ
2
MW
2τ2MWE
2
0
[
E20
(
2A20 − a
3
2
+
3a3(Ω0.Rˆ)
2
2Ω20
)
− 6(E0.Rˆ)
(
A20 +A10(Ω0 ×E0).Rˆ
)]
(2.119)
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Ω∗2 = Ω∗20 −
E∗20
R∗3
[
−0.5− 2
(
0.11 +
0.39
E∗20
)
+ 6 sin θ
(
sin θ
(
0.11 +
0.39
E∗20
)
+
0.39 cos θ sinφΩ∗0
E∗20
)
−1.5 cos2 θ cos2 φ] , (2.120)
An ensemble average of the angular velocity using the above equation gives us,
Ω∗avg =
√
Ω2o −
E∗20
R∗3
[
−1
2
− 2
(
21 +
σ21 − 21
E∗20
)]
(2.121)
Ω∗avg =
√
E∗20 − 1−
E∗20
R∗3
[
−1
2
+ 2
(
0.11 +
0.39
E∗20
)]
(2.122)
Hence, we can say that the ensemble average of the angular velocity with interactions is smaller than
that of a isolated single sphere when they are rotating in the opposite direction. Now, lets look at the critical
field.
E∗20 − 1−
E∗20
R∗3
[
−1
2
− 2
(
21 +
σ21 − 21
E∗20
)]
> 0 (2.123)
E0 > Ec
√√√√√√√
1− 2
(
σ21 − 21
R∗3
)
1 +
(
0.5 + 221
R∗3
) = Ec
√√√√√√1 +
0.78
R∗3
1 +
0.28
R∗3
(2.124)
f(R) =
√√√√√√1 +
0.78
R∗3
1 +
0.28
R∗3
(2.125)
Hence, the critical field increases with interactions regardless of whether the spheres rotate in the same
or opposite direction.
2.4.3 Interactions in an external shear flow
Let us look at interactions between particles in a shear flow. The equations change only little and the
derivation is very similar to the spontaneous rotation case. In this problem, the electric field is along z-axis
and the direction of shear is along x-axis.
The expression for the angular velocity of an isolated single sphere in a shear flow without any interactions
has already been found by Lobry et al. [4]. We can find the same result using the notations used throughout
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in this paper. The imposed shear rate is equal to ξ.
4pi1A1
[
Ω|Ee(0)|2 − (Ω.Ee(0)) (Ee(0) + τMWΩ×Ee(0))
]
− 8piη (Ω− ω) a3 = 0
(2.126)
ω =
ξ
2
+
a3
2R3
[
Ω− 3
(
Rˆ.Ω
)
Rˆ
]
+
5a3
2R3
[
Rˆ×
(
Rˆ.Se(0))
)] (2.127)
Se(0) =

0 0 0
0 0 ξ/2
0 ξ/2 0
 (2.128)
Due to the imposed shear rate we have two additional terms in the expression for ω. The last term in
equation (2.127) comes from the flow field generated by sphere 2 in a linear velocity field. We now project
equation (2.126) on x,y, and z axis to find out the components of Ωo.
Ωo = (Ωx,Ωy,Ωz) (2.129)
Eo = (0, 0, Eo) (2.130)
ξ = (ξ, 0, 0) (2.131)
Ωo.Eo = ω.Eo =
ξ.Eo
2
= 0 (2.132)
It is found as expected that Ωy = 0, Ωz = 0 and Ωx is given by the cubic equation given below. We rewrite
the expression for angular velocity in a more convenient way. In the case of ξ.Eo 6= 0 we have to solve a
non-linear equation to find out the different components of Ω.
Ωo = (Ωo, 0, 0) (2.133)
Ω∗3o −
Ω∗2o ξ
∗
2
− Ω∗o
(
e2 − 1)− ξ∗
2
= 0 (2.134)
where the variables have been non-dimensionalized in the following way,
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Ω∗o = ΩoτMW ξ
∗ = ξτMW e =
Eo
Ec
Expanding Ω asymptotically we get,
Ω = Ωo +
α
R
+
β
R2
+
γ
R3
+ ... (2.135)
At this point we should define a proper coordinate system so that we can write Rˆ without any loss of
generality. We retain terms in equation (2.126) to O(R−1), O(R−2) and O(R−3) and project the equation
Figure 2.5: Spherical particles in shear flow separated by vector R
on x, y and z axis. The unknown vectors α, β and γ are given as follows,
α = (αx, αy, αz) (2.136)
β = (βx, βy, βz) (2.137)
γ = (γx, γy, γz) (2.138)
Rˆ = (cosφsinθ, sinφsinθ, cosθ) (2.139)
After some algebra it can be shown that,
α = 0 (2.140)
β = 0 (2.141)
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We only need to find the x-component of γ. The angular velocity with interactions is given as follows,
Ω2 = Ω2o + 2
Ωoγx
R3
+O(R−4) (2.142)
Ω∗2 = Ω∗2o +
Ω∗o
R∗3(e2 − 1− Ω∗2o )
[
(1 + Ω∗2o )
[
Ω∗o
(
3cos2φsin2θ − 1)+ 5ξ
2
(
sin2φsin2θ − cos2θ)]
−4Ω∗oe2
(
21 +
σ21 − 21
1 + Ω∗2o
− 3cos2θ
(
21 +
σ21 − 21
1 + Ω∗2o
)
− 3cosθsinθsinφΩ
∗2
o (21 − σ21)
1 + Ω∗2o
)] (2.143)
We find the ensemble average of the angular velocity to find its dependence only on the distance separating
the two particles R.
Ω∗avg =
√
Ω∗2o +
5Ω∗oξ
∗
o(1 + Ω
∗2
o )
3R∗3(e2 − 1− Ω∗2o )
(2.144)
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Chapter 3
Stability Analysis
3.1 Stability analysis of a pair of spherical particles at the
steady state of no rotation
Using method of reflections [37], we can account for electric interactions between the particles. Two
rotating spheres create a flow field around them which is known as rotlet flow [22]. Hence, the dipole
moment and torque balance equations for the two spheres are given as follows,
dB∗1
dt∗
= Ω∗1 ×B∗1 −B∗1 +
[
21
(
iˆz −
(
B∗2 − 3(B∗2 .Rˆ)Rˆ
R∗3
)
×Ω∗1
)]
+
[
σ21
(
iˆz − B
∗
2 − 3(B∗2 .Rˆ)Rˆ
R∗3
)]
(3.1)
dB∗2
dt∗
= Ω∗2 ×B∗2 −B∗2 +
[
21
(
iˆz −
(
B∗1 − 3(B∗1 .Rˆ)Rˆ
R∗3
)
×Ω∗2
)]
+
[
σ21
(
iˆz − B
∗
1 − 3(B∗1 .Rˆ)Rˆ
R∗3
)]
(3.2)
B∗1 ×
[
iˆz −
(
B∗2 − 3(B∗2 .Rˆ)Rˆ
R∗3
)]
−M
[
Ω∗1 +
1
2R∗3
[
Ω∗2 − 3
(
Ω∗2 · Rˆ
)
Rˆ
]]
= 0 (3.3)
B∗2 ×
[
iˆz −
(
B∗1 − 3(B∗1 .Rˆ)Rˆ
R∗3
)]
−M
[
Ω∗2 +
1
2R∗3
[
Ω∗1 − 3
(
Ω∗1 · Rˆ
)
Rˆ
]]
= 0 (3.4)
We seek a steady state solution where the spheres are in steady state i.e. they are not rotating. Substi-
tuting Ω∗1 = 0 and Ω
∗
2 = 0 in equations (36-39), we get,
B∗1 = B
∗
2 =
σ21
σ21
R∗3
+ 1
iˆz + 3σ21
(
iˆz · Rˆ
)
R∗3 − 2σ21 Rˆ
 = B∗0 (3.5)
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Figure 3.1: Two spherical particles separated by distance R rotating in arbitrary directions
We denote the base state dipole moment as B∗0 and introduce perturbations in the dipole moment equation
as follows,
B∗1 = B
∗
0 + b
∗
1 (3.6)
B∗2 = B
∗
0 + b
∗
2 (3.7)
The dipole moment equations after non-linearising the equations and retaining terms only upto the
O(R−3) are given as follows,
db∗1
dt∗
=
(
1− 21
σ21
)
Ω∗1 ×B∗0 − b∗1 − σ21
b∗2 − 3
(
b∗2 · Rˆ
)
Rˆ
R∗3
 (3.8)
Ω∗1 =
1
M
b∗1 ×B∗0
σ21
−B∗0 ×
b∗2 − 3
(
b∗2 · Rˆ
)
Rˆ
R∗3
− b∗2 ×B∗0
σ21R∗3
+ 3
(
b∗2 ×B∗0
) · Rˆ
σ21R∗3
Rˆ
 (3.9)
db∗2
dt∗
=
(
1− 21
σ21
)
Ω∗2 ×B∗0 − b∗2 − σ21
b∗1 − 3
(
b∗1 · Rˆ
)
Rˆ
R∗3
 (3.10)
Ω∗2 =
1
M
b∗2 ×B∗0
σ21
−B∗0 ×
b∗1 − 3
(
b∗1 · Rˆ
)
Rˆ
R∗3
− b∗1 ×B∗0
σ21R∗3
+ 3
(
b∗1 ×B∗0
) · Rˆ
σ21R∗3
Rˆ
 (3.11)
Hence, we have two vector equations (3.8) and (3.10) that we need to conduct a stability analysis on.
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These two vector equations can be written as six scalar equations. In order to do so and without introducing
too many variables, we express Rˆ as Rˆ = (cos(θ), 0, sin(θ)).
3.2 Methodology
We use linear stability analysis to study the effect of electrohydrodynamic interactions on the critical
electric field for particles undergoing Quincke rotation.The six scalar equations are given as follows,

db1x
dt
db1y
dt
db1z
dt
db2x
dt
db2y
dt
db2z
dt

=

a21r − 1 0 −a1a2r t1 0 t2
0 (a21 + a
2
2)r − 1 0 0 t3 0
−a1a2r 0 a22r − 1 t4 0 t5
t1 0 t2 a
2
1r − 1 0 −a1a2r
0 t3 0 0 (a
2
1 + a
2
2)r − 1 0
t4 0 t5 −a1a2r 0 a22r − 1


b1x
b1y
b1z
b2x
b2y
b2z

(3.12)
(3.13)
The Jacobian matrix for this system has six eigenvalues. They are not shown here to maintain brevity.
This system becomes unstable when one of the six eigenvalues becomes positive. We seek to find the value
of e =
E
Ec
at different values of θ and R when one of the eigenvalues becomes positive.
3.3 Results and discussion
The plot 3.2 below shows the dependence of critical electric field with interactions on θ and R. It is
evident from the plot that the critical electric field increases or decreases depending on the orientation of the
pair of spheres with respect to the critical electric field. It is also evident from the plot that as R increases
from 3 to 6, the critical field tends to get closer to the value 1 irrespective of the orientation. In other words,
the critical field tends to get closer to that of an isolated single sphere as R increases.
In this section, we were able to find the critical field for Quincke rotation to take place for a pair of
spherical particles with electrohydrodynamic interactions. We showed that this value of critical electric field
depends on the orientation of the two particles with respect to the applied electric field. It was also found
that as the distance between the particles increases, the critical electric field tends to become equal to that
of an isolated single sphere.
40
Figure 3.2: E/Ec vs theta for four different values of R
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Chapter 4
Simulation results
4.1 Spheres fixed in the fluid medium
We use Runge-Kutta4 time marching scheme for the dipole moment relaxation equations. At time t=0,
the spheres do not rotate and the initial dipole moments from equation (3.5) are used. We can either
introduce a perturbation in the dipole moments or introduce a shear flow. The perturbations introduced
cause the spheres to start rotating. The direction of rotation is dependent on the perturbation introduced
and the configuration of the particles. If the perturbation introduced are in the same direction, like in the
case of shear flow, the spheres rotate in the same direction. If the perturbation introduced are in the opposite
directions, then the spheres rotate in the opposite direction. If the sphere 1 is perturbed in the x-direction
and sphere 2 in the y-direction, they reach a steady state where they rotate in different directions. Some of
these cases are illustrated in the following plots. The applied electric field is twice that of the critical field
in all the cases.
Figure 4.1: Magnitude of the angular velocity of the two spheres vs dimensionless time when sphere 1 is
perturbed
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Figure 4.2: Angular velocity of the first sphere vs di-
mensionless time when sphere 1 is perturbed
Figure 4.3: Angular velocity of the second sphere vs
dimensionless time when sphere 1 is perturbed
Figure 4.4: Magnitude of the dipole moment of the spheres vs dimensionless time when sphere 1 is
perturbed
4.1.1 Co-rotating spheres
The dipole moment of the first sphere has been perturbed slightly in the x-direction. The second sphere
starts rotating due to the disturbance created by the rotation of the first sphere. In the steady state, they
co-rotate with the same angular velocity.
The dipole moment of the two spheres also attain a steady state as shown in plots 4.4,4.5 and 4.6.
4.1.2 Spheres in shear flow
If the spheres are placed in a shear flow, they exhibit similar behavior. The dipole moment and the
angular moment of both the spheres are equal at each time step as shown below in plots 4.7 and 4.8.
4.1.3 Counter-rotating spheres
The spheres can counter rotate as well if the dipole moments are perturbed in opposite directions. In
this example, shown in plot 4.9 the perturbations are introduced in the x-axis.
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Figure 4.5: Dipole moment of the first sphere vs di-
mensionless time when sphere 1 is perturbed
Figure 4.6: Dipole moment of the second sphere vs
dimensionless time when sphere 1 is perturbed
Figure 4.7: Magnitude of the angular velocity of the spheres in shear flow vs dimensionless time
Figure 4.8: Magnitude of the dipole moment of the spheres in shear flow vs dimensionless time
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Figure 4.9: Magnitude of the angular velocity of the spheres vs dimensionless time when spheres are per-
turbed equally in opposite direction
Figure 4.10: Angular velocity of the first sphere vs
dimensionless time when spheres are perturbed equally
in opposite direction
Figure 4.11: Angular velocity of the second sphere vs
dimensionless time when spheres are perturbed equally
in opposite direction
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Figure 4.12: Magnitude of the angular velocity of the spheres vs dimensionless time when spheres are
perturbed equally in same direction
The vector joining the center of the two spheres is parallel to the electric field in all the different cases
shown here. Similar results are obtained for different possible configurations.
4.2 Spheres allowed to move in the fluid medium under the
influence of electric field
In the simulations shown in this section, the two spheres are allowed to move in the fluid medium
interacting electrohydrodynamically with each other. The vector joining the centers of the two spheres is
updated at each time step. We also employ the contact algorithm when the spheres touch each other.
4.2.1 Co-rotating spheres
The following eight plots, 4.12-4.19, correspond to the case when the spheres are made to rotate by
introducing perturbations in same direction. Hence, they rotate in the same direction. On coming in
contact they continue to rotate in the same direction but the separation vector (line joining the center of
two spheres) becomes almost perpendicular to the electric field as is evident from plot 4.19. The spheres are
at a distance of R=3a from each other. The components of R are equal in each axis.
The spheres exhibit a very different behavior if they are perturbed equally and the initial separation
vector is parallel to the electric field as shown below in the plots 4.20-4.27. The separation vector, shown in
plot 4.27 does not reach a steady state like the other two cases considered in this section.
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Figure 4.13: Angular velocity of the first sphere vs
dimensionless time when spheres are perturbed equally
in same direction
Figure 4.14: Angular velocity of the second sphere vs
dimensionless time when spheres are perturbed equally
in same direction
Figure 4.15: Magnitude of the dipole moment of the spheres vs dimensionless time when spheres are per-
turbed equally in same direction
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Figure 4.16: Dipole moment of the first sphere vs di-
mensionless time when spheres are perturbed equally
in same direction
Figure 4.17: Dipole moment of the second sphere vs
dimensionless time when spheres are perturbed equally
in same direction
Figure 4.18: Separation distance vs dimensionless time
when spheres are perturbed equally in same
direction
Figure 4.19: Separation vector vs dimensionless time
when spheres are perturbed equally in same
direction
48
Figure 4.20: Magnitude of the angular velocity of the spheres vs dimensionless time when spheres are
perturbed equally in same direction and initial separation vector is parallel to electric field
Figure 4.21: Angular velocity of the first sphere vs di-
mensionless time when spheres are perturbed equally
in same direction and initial separation vector is par-
allel to electric field
Figure 4.22: Angular velocity of the second sphere vs
dimensionless time when spheres are perturbed equally
in same direction and initial separation vector is par-
allel to electric field
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Figure 4.23: Magnitude of the dipole moment of the spheres vs dimensionless time when spheres are per-
turbed equally in same direction and initial separation vector is parallel to electric field
Figure 4.24: Dipole moment of the first sphere vs di-
mensionless time when spheres are perturbed equally
in same direction and initial separation vector is par-
allel to electric field
Figure 4.25: Dipole moment of the second sphere vs
dimensionless time when spheres are perturbed equally
in same direction and initial separation vector is par-
allel to electric field
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Figure 4.26: Separation distance vs dimensionless time
when spheres are perturbed equally in same direction
and initial separation vector is parallel to electric field
Figure 4.27: Separation vector vs dimensionless time
when spheres are perturbed equally in same direction
and initial separation vector is parallel to electric field
4.2.2 Counter rotating spheres
In the case of counter-rotating spheres, shown in plots 4.28-4.35, the separation vector remains parallel
to the electric field while the spheres are rotating in the opposite direction. The motion of the spheres
is dependent on the initial perturbation and their initial configuration. We can conclude that the spheres
exhibit two different kinds of motion. The first motion is one in which they come in contact and co-rotate
about the point of contact which remains fixed in the fluid medium and the second motion takes place when
they come in contact (they need not be co-rotating or counter-rotating) and rotate about the point of contact
which is not stationary in the fluid medium.
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Figure 4.28: Magnitude of the angular velocity of the spheres vs dimensionless time when spheres are
perturbed equally in opposite direction
Figure 4.29: Angular velocity of the first sphere vs
dimensionless time when spheres are perturbed equally
in opposite direction
Figure 4.30: Angular velocity of the second sphere vs
dimensionless time when spheres are perturbed equally
in opposite direction
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Figure 4.31: Magnitude of the dipole moment of the spheres vs dimensionless time when spheres are per-
turbed equally in opposite direction
Figure 4.32: Dipole moment of the first sphere vs di-
mensionless time when spheres are perturbed equally
in opposite direction
Figure 4.33: Dipole moment of the second sphere vs
dimensionless time when spheres are perturbed equally
in opposite direction
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Figure 4.34: Separation distance vs dimensionless time
when spheres are perturbed equally in opposite direc-
tion
Figure 4.35: Separation vector vs dimensionless time
when spheres are perturbed equally in opposite
direction
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Chapter 5
Boundary element method (BEM)
5.1 Solving electric potential and the flow field using BEM
Method of reflections does not work well when the particles are close to each other. It works well only
for far field interactions. Hence, we are going to use a more accurate method known as BEM (boundary
element method) to capture interactions accurately when the particles are close to each other.
We solve Laplace equation around one single sphere to obtain the angular velocity in the transient state.
We are not considering the EDL (electric debye layer) in the BIE (boundary integral equations) formulation.
EDL is the ionic charge cloud that forms around the particles in suspensions on application of electric field.
Stating the boundary conditions again in a slightly different form,
1. Continuity of electric potential at the solid-liquid interface
φ+(x) = φ−(x)at|x| = a (5.1)
2. Charge conservation at the surface of the sphere in the transient state
n · Jf +∇Σ ·Kf = 0at|x| = a (5.2)
∇φ− · (σ2x+ 2(Ω0 × x) +∇∇φ− : (2x(Ω0 × x))
+ ∇φ+ · (σ1x+ 1(Ω0 × x)−∇∇φ− : (1x(Ω0 × x))
= 1x ·∇φ+t − 2x ·∇φ−t (5.3)
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σ1∇φ+ · n− σ2∇φ− · n = (Ω0 × n) ·
(
2∇φ− − 1∇φ+
)
+ (Ω0 × n)n :
(
2∇∇φ− − 1∇∇φ+
)
+ n ·
(
2∇φ−t − 1∇φ+t
) (5.4)
Using Green’s second identity, we get the following equation for the electric potential in free space
∫∫∫
V
(
φ∇2G+G∇2φ) dV = ∫∫
S
(
φ
∂G
∂n
−G∂φ
∂n
)
dS (5.5)
Here G is the free space Green’s function. Using the fact that the electric potential satisfies Laplace’s
equation, we can write the equation for the potential outside the sphere φ+ in the following way.
φ+ =
∫∫∫
V
(
φ+∇2G) dV = ∫∫
S+
(
φ+
∂G
∂n
−G∂φ
+
∂n
)
dS (5.6)
φ+(x, t) =
∫∫
S+
(
φ+(y, t)
∂G(x, y, t)
∂ny
−G(x, y, t)∂φ
+(y, t)
∂ny
)
dS (5.7)
0 =
∫∫
S+
(
φ−(y, t)
∂G(x, y, t)
∂ny
−G(x, y, t)∂φ
−(y, t)
∂ny
)
dS (5.8)
Since equation (3.4) is dependent on time, we use backward difference scheme to discretize the time
derivatives. Hence, equation (3.4) can be written as,
∇φ−m ·
((
σ2 +
2
δt
)
n+ 2(Ωm−1 × n)
)
+ a∇∇φ−m : (2n(Ωm−1 × n))
− ∇φ+m ·
((
σ1 +
1
δt
)
n+ 1(Ωm−1 × n)
)
− a∇∇φ−m : (1n(Ωm−1 × n))
=
2n ·∇φ−m−1 − 1n ·∇φ+m−1
δt
(5.9)
Combining equation (3.7) and (3.8) with the discretized boundary condition (3.4), we get the following
equation at time t = tm which is very similar to another problem solved by Zinchenko [36].
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(
σ1 +
1
δt
)
φ+m(x) =
∫∫
S+
((
σ1 +
1
δt
)
φ+m(y)−
(
σ2 +
2
δt
)
φ−m(y)
) ∂G(x, y)
∂ny
dS
−
∫∫
S+
G(x, y)
((
σ1 +
1
δt
) ∂φ+m(y)
∂ny
−
(
σ2 +
2
δt
) ∂φ−m(y)
∂ny
)
dS
(5.10)
(
σ1 +
1
δt
)
φ+m(x) =
∫∫
S+
(
σ1 − σ2 + 1 − 2
δt
)
φ+m(y)
∂G(x, y)
∂ny
dS
−
∫∫
S+
G(x, y)
((
σ1 +
1
δt
)
ny ·∇φ+m(y)−
(
σ2 +
2
δt
)
ny ·∇φ−m(y)
)
dS
(5.11)
(
σ1 +
1
δt
)
φ+m(x) =
∫∫
S+
(
σ1 − σ2 + 1 − 2
δt
)
φ+m(y)
∂G(x, y)
∂ny
dS
−
∫∫
S+
G(x, y)
((
σ1 +
1
δt
)
ny ·∇φ+m(y)−
(
σ2 +
2
δt
)
ny ·∇φ−m(y)
)
dS
(5.12)
(
σ1 +
1
δt
)
ny ·∇φ+m −
(
σ2 +
2
δt
)
ny ·∇φ−m = (Ωm−1 × ny) ·
(
2∇φ−m − 1∇φ+m
)
+ any(Ωm−1 × ny) :
(
2∇∇φ−m − 1∇∇φ+m
)
+
(
1ny ·∇φ+m−1 − 2ny ·∇φ−m−1
)
δt
(5.13)
(
σ1 +
1
δt
)
φ+m(x) =
∫∫
S+
(
σ1 − σ2 + 1 − 2
δt
)
φ+m(y)ny.∇yG(x, y) dS
−
∫∫
S+
G(x, y)
[
(Ωm−1 × ny) ·
(
2∇φ−m(y)− 1∇φ+m(y)
)]
dS
− a
∫∫
S+
G(x, y)
[
ny(Ωm−1 × ny) :
(
2∇∇φ−m(y)− 1∇∇φ+m(y)
)]
dS
−
∫∫
S+
G(x, y)

(
1ny ·∇φ+m−1(y)− 2ny ·∇φ−m−1(y)
)
δt
 dS
(5.14)
We have obtained an equation for the potential outside the sphere. However, it contains higher gradients
of both the potential inside and outside the sphere. Hence, we need to find similar expressions for the
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potential inside the sphere and the first and second gradient of the potential both inside and outside the
sphere.
The free space Green’s function is given as follows,
G(x,y) =
1
|x− y| (5.15)
A similar equation can be written for potential inside the sphere in the following manner,
φ− =
∫∫∫
V
(
φ−∇2G) dV = ∫∫
S−
(
φ−
∂G
∂n
−G∂φ
−
∂n
)
dS (5.16)
φ−(x, t) =
∫∫
S−
(
φ−(y, t)
∂G(x, y, t)
∂ny
−G(x, y, t)∂φ
−(y, t)
∂ny
)
dS (5.17)
0 =
∫∫
S−
(
φ+(y, t)
∂G(x, y, t)
∂ny
−G(x, y, t)∂φ
+(y, t)
∂ny
)
dS (5.18)
(
σ2 +
2
δt
)
φ−m(x) =
∫∫
S−
(
σ2 − σ1 + 2 − 1
δt
)
φ−m(y)ny ·∇yG(x, y) dS
+
∫∫
S−
G(x, y)
((
σ1 +
1
δt
)
ny ·∇φ+m(y)−
(
σ2 +
2
δt
)
ny ·∇φ−m(y)
)
dS
(5.19)
(
σ2 +
2
δt
)
φ−m(x) =
∫∫
S−
(
σ2 − σ1 + 2 − 1
δt
)
φ−m(y)ny.∇yG(x, y) dS
+
∫∫
S−
G(x, y)
[
(Ωm−1 × ny) ·
(
2∇φ−m(y)− 1∇φ+m(y)
)]
dS
+ a
∫∫
S−
G(x, y)
[
ny(Ωm−1 × ny) :
(
2∇∇φ−m(y)− 1∇∇φ+m(y)
)]
dS
+
∫∫
S−
G(x, y)

(
1ny ·∇φ+m−1(y)− 2ny ·∇φ−m−1(y)
)
δt
 dS
(5.20)
We now need to have boundary integral equations for the first and second gradient of φ+(x) and φ−(x).
We need these expressions because they appear in the expression for φ+(x) which we are primarily interested
in solving.
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(
σ1 +
1
δt
)
∇x
(
φ+m(x)
)
=
∫∫
S+
(
σ1 − σ2 + 1 − 2
δt
)
φ+m(y)∇x (ny.∇yG(x, y)) dS
−
∫∫
S+
∇xG(x, y)
[
(Ωm−1 × ny) ·
(
2∇φ−m(y)− 1∇φ+m(y)
)]
dS
− a
∫∫
S+
∇xG(x, y)
[
ny(Ωm−1 × ny) :
(
2∇∇φ−m(y)− 1∇∇φ+m(y)
)]
dS
−
∫∫
S+
∇xG(x, y)

(
1ny ·∇φ+m−1(y)− 2ny ·∇φ−m−1(y)
)
δt
 dS
(5.21)
(
σ1 +
1
δt
)
∇x∇x
(
φ+m(x)
)
=
∫∫
S+
(
σ1 − σ2 + 1 − 2
δt
)
φ+m(y)∇x∇x (ny.∇yG(x, y)) dS
−
∫∫
S+
∇x∇xG(x, y)
[
(Ωm−1 × ny) ·
(
2∇φ−m(y)− 1∇φ+m(y)
)]
dS
− a
∫∫
S+
∇x∇xG(x, y)
[
ny(Ωm−1 × ny) :
(
2∇∇φ−m(y)− 1∇∇φ+m(y)
)]
dS
−
∫∫
S+
∇x∇xG(x, y)

(
1ny ·∇φ+m−1(y)− 2ny ·∇φ−m−1(y)
)
δt
 dS
(5.22)
Equations (3.21) and (3.22) give us the expressions for the first and second gradient of φ+(x).
(
σ2 +
2
δt
)
∇x
(
φ−m(x)
)
=
∫∫
S−
(
σ2 − σ1 + 2 − 1
δt
)
φ−m(y)∇x (ny.∇yG(x, y)) dS
+
∫∫
S−
∇xG(x, y)
[
(Ωm−1 × ny) ·
(
2∇φ−m(y)− 1∇φ+m(y)
)]
dS
+ a
∫∫
S−
∇xG(x, y)
[
ny(Ωm−1 × ny) :
(
2∇∇φ−m(y)− 1∇∇φ+m(y)
)]
dS
+
∫∫
S−
∇xG(x, y)

(
1ny ·∇φ+m−1(y)− 2ny ·∇φ−m−1(y)
)
δt
 dS
(5.23)
59
(
σ2 +
2
δt
)
∇x∇x
(
φ−m(x)
)
=
∫∫
S−
(
σ2 − σ1 + 2 − 1
δt
)
φ−m(y)∇x∇x (ny.∇yG(x, y)) dS
+
∫∫
S−
∇x∇xG(x, y)
[
(Ωm−1 × ny) ·
(
2∇φ−m(y)− 1∇φ+m(y)
)]
dS
+ a
∫∫
S−
∇x∇xG(x, y)
[
ny(Ωm−1 × ny) :
(
2∇∇φ−m(y)− 1∇∇φ+m(y)
)]
dS
+
∫∫
S−
∇x∇xG(x, y)

(
1ny ·∇φ+m−1(y)− 2ny ·∇φ−m−1(y)
)
δt
 dS
(5.24)
Equations (3.23) and (3.24) give us the expressions for the first and second gradient of φ−(x).
The higher gradients of the Green’s function in the above equations are given as follows;
G(x,y) =
1
|x− y| (5.25)
∇x (G(x,y)) = (y − x)|x− y|3 (5.26)
∇x∇x (G(x,y)) = − I|x− y|3 +
3(x− y)(x− y)
|x− y|5 (5.27)
ny.∇yG(x, y) = x · y − y
2
y |x− y|3 (5.28)
∇x (ny.∇yG(x, y)) =
y − 3(x · y − y
2)(x− y)
|x− y|3
y |x− y|3 (5.29)
∇x∇x (ny.∇yG(x, y)) = − 3
y|x− y|5
[
2y(x− y) + I(x · y − y2)− 5(x · y − y
2)(x− y)(x− y)
|x− y|2
]
(5.30)
(Ωm−1 × nx) ·∇x (G(x,y)) = (Ωm−1 × nx) · y|x− y|3 (5.31)
(Ωm−1 × nx)nx :∇x∇x (G(x,y)) = (Ωm−1 × nx)nx : −3y(x− y)|x− y|5 (5.32)
(Ωm−1 × nx) ·∇x (ny.∇yG(x, y)) = (Ωm−1 × nx) · y

1 +
3(x · y − y2)
|x− y|3
y |x− y|3
 (5.33)
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(Ωm−1 × nx)nx :∇x∇x (ny.∇yG(x, y)) = (Ωm−1 × nx)nx : y(x− y)
[
− 3
y|x− y|5
(
2− 5(x · y − y
2)
|x− y|2
)]
(5.34)
In the future, we shall solve these equations numerically using boundary element method. The surface
of each sphere shall be discretized into an unstructured highly uniform grid of sixpoint curved triangular
elements using the algorithm of Loewenberg and Hinch [23] and all variables will be approximated with
quadratic functions over each element in terms of local triangle curvilinear coordinates (ξ, η). This should
ensure second order accuracy for the evaluation of the integrals [24].
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Chapter 6
Conclusions
In this study, we were able to prove that electrohydrodynamic interactions are necessary to understand
the rheological properties of a suspension undergoing Quincke rotation. The spin rate of an individual
particle undergoing Quincke rotation was found to be less than that of an isolated particle when interactions
are taken into account. The results from numerical simulations agrees with qualitative experimental findings.
In the experiments, the critical electric field is found to be greater than that predicted by the single sphere
theory. By taking an ensemble average of the angular velocity of a particle, we were able to prove that the
critical electric field does indeed increase for a pair of particles. It was also found that that when the spheres
come in contact with each other they stay in contact. This may lead to formation of clusters or chains
observed in experiments. However, multi-particle simulations are necessary to study the same in greater
detail.
In the future, we will plan to account for Induced-Charge-Electro-Osmotic (ICEO) flow around the
particles. The problem of ICEO flow has been studied extensively by Bazant et al. [25]. We will first study
a single sphere with ICEO flow and then include it in hydrodynamic interactions for a pair of spheres. The
method of reflections does not work very well for particles very close to each other. In order to get accurate
results for both the electric potential and the flow field we will formulate boundary integral equations for the
same. We will then use the boundary element method by discretizing the surface of the spheres for solving
the electric potential around them. We can then extend the theory to ellipsoids and subsequently to liquid
drops. We also plan to study Quincke rotation of particles placed on an electrode. We will need to study
how the presence of the electrode affects the electric and flow field around the particles.
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